TRANSFORMATIONS OF HARMONIC BUNDLES AND 
WILLMORE SURFACES 



A. C. QUINTINO 

Abstract. Willmore surfaces are the extremals of the Willmore func- 
tional (possibly under a constraint on the conformal structure). With 
the characterization of Willmore surfaces by the harmonicity of the mean 
curvature sphere congruence ([13], [H]), a zero-curvature formulation 
follows ( 5 ). Deformations on the level of bundles prove to give rise 
to deformations on the level of surfaces, with the definition of a spec- 
tral deformation ([5]) and of a Backlund transformation ([9]) of Willmore 
surfaces into new ones, with a permutability between the two ([!]). This 
note is dedicated to a self-contained account of the topic in the light-cone 
picture. 



1. Introduction 

Among the classes of Riemannian submanifolds, there is that of Will- 
more surfaces, named after T. Willmore [22] (1965), although the topic was 
mentioned by W. Blaschke PQ (1929) and by G. Thomsen [20] (1923), as a 
variational problem of optimal realization of a given surface in 3-space. Early 
in the nineteenth century, S. Germain p3], [IS] studied elastic surfaces. On 
her pioneering analysis, she claimed that the elastic force of a thin plate is 
proportional to its mean curvature. Since then, the mean curvature remains 
a key concept in theory of elasticity. In modern literature on the elasticity of 
membranes, a weighted sum of the total mean curvature, the total squared 
mean curvature and the total Gaussian curvature is considered the bending 
energy of a membrane. By neglecting the total mean curvature, by physi- 
cal considerations, and having in consideration Gauss-Bonnet Theorem, T. 
Willmore defined the Willmore [bending] energy of a compact oriented sur- 
face S, without boundary, immersed in R 3 to be J s H 2 dA, averaging the 
mean curvature square over the surface. The Willmore energy "extends" to 
surfaces immersed in a general Riemannian manifold M of constant sectional 
curvature by means of 



W:= f \U u \' z dA, 

the total squared norm of the trace-free part II of the second fundamen- 
tal form. In fact, given pQ)j=i2 a local orthonormal frame of TS, Gauss 
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equation establishes 

|n°| 2 := ^(n^x^n ^,^-)) = 2{\u\ 2 -k + k), 

hi 

for H the mean curvature vector, K the Gaussian curvature of £ and K 
the sectional curvature of M. In particular, for surfaces in M 3 , the func- 
tional defined by W shares critical points with the one defined by the total 
squared mean curvature. Willmore surfaces are the extremals of the Will- 
more functional. Constrained Willmore surfaces appear as the generalization 
of Willmore surfaces that arises when we consider extremals of the Willmore 
functional with respect to infinitesimally conformal variations, those that in- 
finitesimally preserve the conformal structure, that is, 

at |t=o 

for the variation (, )t of the induced metric (or rather its complex bilinear 
extension), fixing Z 1 ' a (l,0)-vector field; rather than with respect to all 
variations. 

A classical result by Thomsen [20] characterizes isothermic Willmore sur- 
faces in 3-space as minimal surfaces in some 3-dimensional space-form. Con- 
stant mean curvature surfaces in 3-dimensional space-forms are examples of 
isothermic constrained Willmore surfaces, as proven by J. Richter |17j . How- 
ever, isothermic constrained Willmore surfaces in 3-space are not necessarily 
constant mean curvature surfaces in some space-form, as established by an 
example, presented in [2], of a constrained Willmore cylinder that does not 
have constant mean curvature in any space-form. 

Under a conformal change e 2u g of a metric g, for some function u, the 
second fundamental form II of an isometric immersion / changes via 

(1) U e 2u g (X, Y) = U g (X, Y) - g(X, Y)ir N (f*(du)*), 

for 7Tjv the normal projection and f*(du)* the pull-back by / of the con- 
travariant form (du)* form of du with respect to g (see, for example, [23], 
section 3.12). Hence, under a conformal change of the metric, the trace-free 
part of the second fundamental form remains invariant, so that its squared 
norm and the area element change in an inverse way, leaving the Willmore 
energy unchanged. In particular, this establishes the class of (constrained) 
Willmore surfaces Mobius invariant class. 

A very well known result (pQ (n = 3), [13], [E] (general n)) character- 
izes Willmore surfaces by the harmonicity of the central sphere congruence. 
With this characterization, a zero-curvature formulation of Willmore sur- 
faces follows, according to the zero-curvature formulation of harmonicity of 
a map into a Grassmanian by Uhlenbeck [21]. This characterization gen- 
eralizes [5] to constrained Willmore surfaces and deformations on the level 
of harmonic bundles prove to give rise to deformations on the level of sur- 
faces. The class of constrained Willmore surfaces is established as a class of 
surfaces with strong links to the theory of integrable systems, admitting a 
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spectral deformation, defined by the action of a loop of flat metric connec- 
tions, as in [5], and Backhand transformations, defined by applying a dressing 
action, as studied in [9]. A permutability between the two is established in 
9j . All these transformations corresponding to the zero Lagrange multiplier 
preserve the class of Willmore surfaces. The isothermic surface condition 
is known to be preserved under constrained Willmore spectral deformation, 
cf. [8]. As for Backhand transformation of constrained Willmore surfaces, 
we believe it does not necessarily preserve the isothermic condition. In con- 
trast, the constancy of the mean curvature of a surface in 3-dimensional 
space-form is preserved by both constrained Willmore spectral deformation 
and Biicklund transformation, for special choices of parameters, with preser- 
vation of both the space-form and the mean curvature in the latter case, cf. 

This note is dedicated to a self-contained account of the topic in the light- 
cone picture. The research work was developed as part of the Ph.D. studies 
of the author at the University of Bath, UK, under the supervision of Prof. 
F. E. Burstall. 

2. Constrained Willmore surfaces and constrained 

harmonicity 

Consider C n+2 = S x (R n+1 ' 1 ) c provided with the complex bilinear ex- 
tension of the metric on W l+ ' . In what follows, we shall make no explicit 
distinction between a bundle and its complexification, and move from real 
tensors to complex tensors by complex multilinear extension, with no need 
for further reference, preserving notation. 

Throughout this text, we will consider the identification A 2 M n+1,1 = 
o(M n+1,1 ) of the exterior power A 2 M n+1,1 with the orthogonal algebra o(M ?1+1 ' 1 ) 
via uAv(w) := (u, w)v — (v, w)u for u, v, w € l n+1,1 . We consider the bundle 
End(M n+1,1 ) - and, more generally, any bundle of morphisms - provided with 
the metric defined by (£, rf) := tr(r/£) and we shall move from a connection 
on M n+1,1 to a connection on End^R™ 4 " 1 ' 1 ) via V£ = V o £ - £ o V, with 
preservation of notation. Note that, in the case of a metric connection V on 
R n+1 > 1 , we have V(u A v) = Vu A v + u A Vu, for all u, v G r(R n+1>1 ). 

Our theory is local and, throughout this text, with no need for further 
reference, restriction to a suitable non-empty open set shall be underlying. 

2.1. Real constrained Willmore surfaces. 

2.1.1. Conformal geometry of the sphere. Our study is one of surfaces in 
n-dimensional space- forms, with n > 3, from a conformally-invariant view- 
point. For this, we find a convenient setting in Darboux's light-cone model 
of the conformal n-sphere [12] , viewing the n-sphere not as the round sphere 
in the Euclidean space but as the celestial sphere in the Lorentzian 

spacetime M. n+ > . So contemplate the light-cone C in the Lorentzian vector 
space ]R n+1,1 and its projectivisation P(£), provided with the conformal 
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structure denned by a metric g a arising from a never-zero section a of the 
tautological bundle tt : C —> P(£) via 

g a (X,Y) = (da(X),da(Y)). 

For Voo £ M™ + ' , set S Voc := {v £ C : (v,Voo) = — 1}, an n-dimensional 
submanifold which inherits from a positive definite metric of 

(constant) sectional curvature — (foo^oo)- In fact, for Voo non-null, ortho- 
projection onto (woo) -1 induces an isometry between S Voo and {v G {v c)~ L : 
(v,v) = — l/(voo, Voo)}, whereas, when is null, for any choice of vq G 5^, 
orthoprojection onto (vq, v o)' l restricts to an isometry of S Voo . By construc- 
tion, the bundle projection tt restricts to give a conformal diffeomorphism 
n\S Voc : S Voo —> P(£)\P(£ n (v o)~ L )- In particular, choosing time-like 
identifies P(£) with the conformal n-sphere. The beauty of this model is 
that it linearises the conformal geometry of the sphere. For example, k- 
spheres in S n = P(£) are identified with (k + 1, l)-planes V in via 
V^F(CnV) cP(£). 

2.1.2. Surfaces in the light-cone picture. For us, a mapping A : £ — > S" 1 = 
P(£), of a surface S, is the same as a null line subbundle of the trivial bundle 
j^n+1,1 _ £ x j n na t ura l wa y. Given such a A, we define 

A« : = (^(TE)}, 

for cj a lift of A. Note that A is an immersion if and only if the bundle A^ 1 ) 
has rank 3. 

Let then A : S — > S 1 " = P(£) be an immersion of an oriented surface 
S, which we provide with the conformal structure Ca induced by A and 
with J the canonical complex structure (that is, 90° rotation in the positive 
direction in the tangent spaces, a notion that is obviously invariant under 
conformal changes of the metric). Note that every lift a : £ — >■ M ri+1 ' 1 of A 
is conformal. Set 

(2) A 1,0 := A © do-(T 1,0 S), A ' 1 := Ae^S), 

independently of the choice of a lift a of A, defining in this way two complex 
rank 2 subbundles of A^ 1 ), complex conjugate of each other. The nullity and 
conformality of the lifts of A establish the isotropy of the bundles A 1,0 and 
A ' 1 , whilst the fact that A is an immersion establishes that A 1 ' and A ' 1 
intersect in A. 

We restrict our study to surfaces in S n which are not contained in any 
subsphere of S n . This ensures, in particular, that, given Voo £ M n+1,1 non- 
zero, A(E) ^ P(£ n (t>oo )-*-), and we define a local immersion 

doc := 7Ti <? o A = 7 o \ X — y S Vr ^ , 

into the space-form S Voo , independently of a a lift of A. 

A fundamental construction in conformal geometry of surfaces is the mean 
curvature sphere congruence, the bundle of 2-spheres tangent to the surface 
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and sharing mean curvature vector with it at each point (although the mean 
curvature vector is not conformally- invariant, under a conformal change of 
the metric it changes in the same way for the surface and the osculating 2- 
sphere) . From the early twentieth century, the family of the mean curvature 
spheres of a surface was known as the central sphere congruence, cf. W. 
Blaschke pQ. Nowadays, after R. Bryant's paper [3], it goes as well by the 
name conformal Gauss map, although the central sphere congruence carries, 
not only first order contact information, but second order as well. 

Let S : £ — > Q := Gr( 3 1 )(M n+1 ' 1 ) be the central sphere congruence of A, 

S = A (1) (Act) = (a,a z ,a s ,a zS ), 

for a a lift of A, Act the Laplacian of a with respect to the metric g a and z a 
holomorphic chart of S. Let tts and ir s ± denote the orthogonal projections 
of K. 71 ^ 1 ' 1 onto S and S- 1 -, respectively. Given z a holomorphic chart of E, 
let g z denote the metric induced in S by z. Note that, by the conformality 
of z, (cr,a zz ) = — (o~ z ,a z ) is never-zero. In many occasions, it will be useful 
to consider a special choice of lift of A, the normalized lift with respect to z, 
the section a z : £ — > C + of A (given a choice C + of one of the two connected 
components of C) defined by g a * = g z . For further reference, note that this 
condition establishes, in particular, that (a z , erf) is constant, (erf, erf) = |, 
and, therefore, 

(3) 7r 5 ^Gr((A«) ± n5) = rA. 

Consider the decomposition of the trivial flat connection d on M n+1,1 as 

d = V®M 

for T> the connection given by the sum of the connections V s and V s± in- 
duced on S and S^, respectively, by d. Note that T> is a metric connection 
and, therefore, TV is skew-symmetric, M € S7 1 (5" A S^). Note that, given 
£ G T(S A S- 1 ), the transpose of £\s is — £|s±, and define a bundle isomor- 
phism S A — > Hom(S', S" -1 -) by fj i — y 77 [g. Together with the canonical 
identification of S*TQ and Hom(S,S ), via I 4 (p 4 ir s ±(dxp)), this 
gives an identification 

(4) S*TQ = Hoxa(S, S^) = S A S ± , 

of bundles provided with the canonical metrics and connections (for the 
connection T> on M n+1,1 ), (see, for example, |10j), which we will consider 
throughout. Observe that, under the identification 

(5) dS = TV. 

2.1.3. Willmore surfaces and harmonicity. Suppose, for the moment, that 
S is compact. The next result follows the definition presented in [7], in the 
quaternionic setting, for the particular case of n = 4. A proof is presented 
below. 
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Theorem 1. 

(6) W(A) = 1 f (dSA*dS), 

for the 2-form ( A ) defined from the metric on S*TQ. 

Proof. By ([5]), fixing a metric on S, \dS\ 2 = \M\ 2 . To prove the theorem, 
we fix E non-zero, provide £ with the metric induced by 

and show that \M\ 2 = 2 1 TT^^ | 2 , for 11^ the trace-free part of the second 
fundamental form of a^. 

Fixing a local orthonormal frame {Xi}i of TS, we have 

\N\ 2 = -^{N Xt Mx l ) = 2Y t tr(M&r Xt \ 8 ). 

i i 

Recall that if (ej)j and (ej)j are dual basis of a vector space E provided with 
a metric (,), then, given // £ End(-E), tr(/x) = ]Cj(M e i)> Let be the 
section of S determined by the conditions (ctocCToo) = 0, ((XocCToo) = — 1 
and (iTooj^cToo) = 0. Then (cioo, dx^oo-, dx 2 °~co, o'oo) is a frame of S with 
dual (— (Too, dxj^&oo, dx 2 a ooi — Coo) and we conclude that 

|A/f = 2]T(A/x i (dx J <Xco) 

MXiidXjO-co)). 

»,j 

The bundle Aqq normal to the surface (Too can be identified with the normal 
bundle to the central sphere congruence of A via the isomorphism Q^o '• 
Aoo — > S- 1 , of bundles provided with a metric and a connection, defined by 
£ i->- £ + (£,%ooVoo> for the mean curvature vector of a^, cf. [8j. For 

£ € A^oo C O-ZaTSv^ = ((Too, Woo)" 1 , 

(QooCO.^-L^oo)) = (£,Uoo) + (£,^oo)(cToo,Voo) = -(Qoo(0) Qoo(^oo)), 

establishing 7r 5 x(voo) = -Qoo(^oo)- Hence A/x^dx^oo) = Qoo (n^ ( -2Q , X,- ) , 
completing the proof. □ 

The intervention of the conformal structure in (|6|) restricts to the Hodge *- 
operator, which is conformally-invariant on 1-forms over a surface. Theorem 
[T] presents a manifestly conformally-invariant formulation of the Willmore 
energy. 

Theorem Q] makes it clear that 

W(A) = E(S,Ca), 

the Willmore energy of A coincides with the Dirichlet energy of S with 
respect to any of the metrics in the conformal class Ca (although the Levi- 
Civita connection is not conformally-invariant, the Dirichlet energy of a 
mapping of a surface is preserved under conformal changes of the metric 
(and so is its harmonicity)). Furthermore, in a very well known result: 

Theorem 2 (pj| (n = 3), |13j . |18] (general n)). A is a Willmore surface 
if and only if its central sphere congruence S : (S,Ca) — > Q is a harmonic 
map. 
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Next we present a proof of Theorem [2] in the light-cone picture. This is a 
generalization of the proof presented in [7] , in the quaternionic setting, for 
the particular case of n = 4. 

Proof. Given a variation At of A and St the corresponding variation of S 
through central sphere congruences, the Dirichlet energy E(St,Ct) of St 
with respect to the conformal structure Ct induced in £ by At is given by 
\ fftrfaSt A*tdSt), for dA t and *t the area element and the Hodge *-operator 
of (E,<7t), respectively, fixing gt £ Ct. Hence 

^ E(S t , Ct) = \ [ ((dS A *dS) + (dS A *dS) + (dS A *dS r )), 
dt |t=o 2,/^- 

abbreviating gji by a dot. Let (Jt)t be the corresponding variation of J 
through canonical complex structures. Differentiation at t = of *tdSt = 
— {dSt)Jt gives *dS = —(dS)J, whilst that of = —I gives J J = —J J and, 
in particular, that J intertwines the eigenspaces of J. The CA-conformality 
of S, (dx±ijxS,dx±ijxS) = 0, respectively, for X € T(TM), establishes 
then (dS A *dS) = and, therefore, 

I E(S tt C t ) = ± E(S t ,C ). 
ul\t=o QIC |t=o 

It is now clear that if 5 : (S,Ca) — > Q is harmonic then A is Willmore. 

Conversely, suppose A is Willmore, fix z a holomorphic chart of (S,Ca) 
and let us show that the tension field r z of S : (J},g z ) — > Q vanishes. First of 
all, observe that 4Vs x Sz = t z = iVs^Sz to conclude that A^ 1 ) C kerr z : 
by ©, (V^K = Vf (tt s i^) - 7r s x(V£a|), = 0, and, similarly, 
(Vs E S z )a^ = 0, whilst (V5 z S , 5)ct 2 = is immediate. It follows that Imr' C 
A. Fix At = (at) a variation of A and let St be the corresponding variation of 
S through central sphere congruences. Then T^,(ir s ±d-) = Ado, for some A £ 
C°°(£,IR), and, therefore, tr(r*S*) = A (note that Sa = tt s ±&). On the other 
hand, classically, = ^^_ Q E(St,CA) = — f s (S ,T z )dA z = — J^ti{T t z S)dA z , 
for dA z the area element of (T,,g z ). Now suppose t z is non-zero. Then so 
is t* G r(Hom(S' ± , S)), so we can choose at such that A is positive, which 
leads to a contradiction and completes the proof. □ 

Having characterized Willmore surfaces by the harmonicity of the cen- 
tral sphere congruence, and recalling (J5]), we deduce the Willmore surface 
equation, 

(7) dP * M = 0. 

More generally, we have a manifestly conformally-invariant characterization 
of constrained Willmore surfaces in space-forms, first established in [8] and 
reformulated in [5] as follows: 
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Theorem 3 (|5j). A is a constrained Willmore surface if and only if there 
exists a real form q € ^(A A A^) with 

(8) dPq = 
such that 

(9) dP *J\f = 2[q A 

We refer to such a form q as a [Lagrange] multiplier for A and say that A 
is a g-constrained Willmore surface. 

A proof of Theorem [3] can be found in [5]. 

Sketch proof Calculus of variations techniques show that the variational 
Willmore energy relates to the variational surface by VV = J^((dP *Af) A A), 
for some non-degenerate pairing (A). For general variations, A can be 
arbitrary, establishing the Willmore surface equation (|7|), whereas infinitesi- 
mally conformal variations are characterized by the normal variational being 
in the image of the conformal Killing operator d, which, according to Weyl's 
Lemma, consists of (H^K)- 1 -, for H°K the space of holomorphic quadratic 
differentials. The result follows by defining a multiplier q from a quadratic 
differential q z dz 2 € {H^K) 1 - via qs z c z = — ^q z a, for a a lift of A and z a 
holomorphic chart of S. 

Willmore surfaces are the O-constrained Willmore surfaces. The zero mul- 
tiplier is not necessarily the only multiplier for a constrained Willmore sur- 
face with no constraint on the conformal structure, though. In fact, the 
uniqueness of multiplier characterizes non-isothermic constrained Willmore 
surfaces, as we shall see below in this text. 

The characterization of constrained Willmore surfaces above motivates a 
natural extension to surfaces that are not necessarily compact. 

Next we present a useful result, which establishes, in particular, that if q 
is a multiplier for A, then q 1 ' takes values in A A A ' 1 . 

Proposition 4. Given q G SI 1 (A A A^ 1 )) real, 

i) if d v q = then q 1 ' E $7 1,0 (A A A ' 1 ) or, equivalently, q ' 1 € fi 0,1 (AA 

ii) dPq = if and only if (Pq 1,0 = 0, or, equivalently, dPq 0,1 = 0; 
Hi) d v q = if and only if dP * q = 0. 

Proof. Fix z a holomorphic chart of S. First of all, observe that a section £ 
of A A A^ 1 ) is a section of A A A 1,0 if and only if £(crf) = 0. Suppose dP q = 
0. Then, in particular, dPq (d z , 5%) a z = 0, or, equivalently, T>s z (qs ji o- z ) — 
<lSz( v s z v z ) ~ VsA<lSz° r ) + 1S t iPSi<^) = 0, establishing 

(10) q Sx o* = q 5 - z a z . 

In its turn, d v q (S Z ,8 S ) cr z = implies V 5z {qs z o- z z ) - V 5z (q &z o- z z ) + qs z a% s = °> 
by ([3]). On the other hand, the skew-symmetry of q establishes (qcr z 2 , cr z z ) = 
and, therefore, 

(11) qa% % = na z + r\a% , 
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for some /x, 77 G ^(C). Hence ^(g^tr*) + Hs^l = v &M&z a V) ~ Vs z °l- It 
is obvious that a section of A A A^ 1 ) transforms sections of A^ into sections 
of A, so that, in particular, both qs z cr z and qs z cr z are sections of A. We 
conclude that T>s z (qs z cr z ) + /J>8 z o~ z is a section of A 1 ' n A 0,1 = A. Write 
qs z cr z = \a z , with A G T(C). Then A 2 cr 2 + (A + fJ.s z )o~ z = 7CJ 2 , for some 
7 ^ r(C). In particular, A = —f^s z - Equation (fTT|) establishes, on the 
other hand, q = —2\ia z A a z — 2rj a z A erf and, in particular, g^crj = H& Z (J Z ■ 
Equation (fit)]) completes the proof of i). 

Next we prove ii). By ©, P 1 '°r(A 1 - ) C O 1 ' (A 1 ' ) or, equivalently, 
£>o,i r ( A o,i) c ^o,i( A o,i) and; there f ore! following »), cFg 1 ' G fi 2 (A A A ' 1 ) 
and cPg ' 1 G fi 2 (AAA 1 ' ). Hence d^g = forces cfq 1 ' and d^g ' 1 to vanish 
separately. The reality of g completes the proof of ii). 

As for Hi), it is immediate from ii). □ 

With a characterization of Willmore surfaces by the harmonicity of the 
central sphere congruence, a zero curvature formulation follows, according to 
the zero-curvature formulation of harmonicity of a map into a Grassmanian 
by Uhlenbeck [21]. More generally: 

Theorem 5 (|5j). A is a constrained Willmore surface if and only if there 
exists q G Q 1 (A A A^) such that 

d x q :=V + A-W 1 ' + AAA ' 1 + (A" 2 - l)? 1 ' + (A 2 - ljg ' 1 

is flat for all A G S 1 . Such a form q is said to be a [Lagrange] multiplier for 
A and A is said to be a g-constrained Willmore surface. Willmore surfaces 
are the 0- constrained Willmore surfaces. 

A proof of Theorem [5] can be found in [5]. 
Sketch proof According to the decomposition 

(12) oQR n+1,1 ) = (A 2 5" © A 2 S ± ) © 5 A S ± , 

the flatness of d, characterized by = R v + d v N + \ [AT A N], for [A] 
the 2-form defined from the Lie Bracket in o(M. n+1,1 ), encodes two structure 
equations, namely, R v + \ [Af AN] = and dP M = 0. The proof follows by 
computing the curvature of the connections. 

2.2. Complexified constrained Willmore surfaces. The transforma- 
tions of a constrained Willmore surface A we present below in this work are, 
in particular, pairs ((A 1 ' )*, (A ' 1 )*) of transformations (A 1 ' )* and (A ' 1 )* 
of A 1,0 and A 0,1 , respectively. The fact that A 1 ' and A 0,1 intersect in a 
rank 1 bundle will ensure that (A 1 ' )* and (A 0,1 )* have the same property. 
The isotropy of A 1,0 and A 0,1 will ensure that of (A 1,0 )* and (A ' 1 )* and, 
therefore, that of their intersection. The reality of the bundle A 1 ' n A 0,1 is 
preserved by the spectral deformation, but it is not clear that the same is 
necessarily true for Backhand transformation. This motivates the definition 
of complexified surface. 
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Fix a conformal structure C on £ and consider the corresponding complex 
structure on S. Let d be a flat metric connection on C n+2 and <i denote 
the trivial flat connection. In what follows, omitting the reference to some 
specific connection shall be understood as an implicit reference to d. 

Definition 1. We define a complexified d-surface to be a pair 

( A 1,0 )A 0,1) 

of isotropic rank 2 subbundles o/C n+2 intersecting in a rank 1 bundle A := 
A 1 ' n A ' 1 such that 

£> Q YA C ft^A 1 ' , d^rA c Q^A ' 1 . 

Obviously, given A a (real) surface in P(£), (A 1 ' , A - 1 ) is a complexified 
surface with respect to C\. Henceforth, we drop the term "complexified" and 
use real surface when referring explicitly to a complexified surface (A 1 ' , A ' 1 ) 
defining a real surface A. Observe that (A 1,0 , A 0,1 ) is a real surface if and 
only if A is a real bundle (recall that A is an immersion if and only if the 
bundle A 1 ' + A ' 1 has rank 3). 

Observe, on the other hand, that, in the particular case of a real sur- 
face (A 1,0 , A 0,1 ), the notation A 1 ' and A 0,1 is consistent with ([2]). Indeed, 
the C-isotropy of A 1 ' characterizes the C-conformality of the lifts of A, or 
equivalently, the fact that C = C\. 

2.2.1. Constrained Willmore surfaces and constrained harmonicity. Theo- 
rem [5] motivates the notion of constrained harmonicity of a bundle, which 
we present next and which will apply to the central sphere congruence to 
provide a zero-curvature formulation of constrained Willmore surfaces. 

Given V a non-degenerate subbundle of C n+2 , consider the decomposition 
d = T>y + My for T> v the metric connection on C n+2 given by the sum of 
the connections induced on V and V 1 - by d. 

Definition 2. A non- degenerate rank 4 subbundle V o/C n+2 is said to be 
a d-central sphere congruence of a d-surface (A 1 ' , A ' 1 ) if A 1 ' + A ' 1 C V 
and 

(A /-d)i,o A o,i = = (A /^)0,i A i,o_ 

Remark 1. Let (A 1,0 , A 0,1 ) be a surface, a ^ be a section of A. and z be 
a holoraorphic chart o/S. Note that A 1 ' -!- A ' 1 C V establishes (Mv)\a = 
and then 7V"y A 0,1 = = My 1 A 1,0 reads a zS £ TV. Hence, generically (if 
oI\g z ^ / olWz), A 1 ' , A ' 1 andV are all determined by A: A 1,0 = {a,a z }, 
A 0,1 = (a, o~z) andV = (a,o- z ,a2,o- zS ) ■ In particular, the complexification of 
the central sphere congruence of a real surface A is the unique central sphere 
congruence of the corresponding surface (A 1 ' , A 0,1 ). 

For further reference: 

Lemma 6. Suppose V is a d- central sphere congruence of a d-surface (A 1,0 , A ' 1 ). 
Then 

(p£)i.o rA i,o c o^A 1 ' , (vif^TA ' 1 c n^A ' 1 . 
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Proof. First of all, observe that, as rank A 1,0 = ^ranky = rank A ' 1 , the 
isotropy of both A 1,0 and A ' 1 establishes their maximal isotropy in V. 

Write A 1,0 = (o~,t), with a G TA. By definition of <i-surface and of d- 
central sphere congruence, (2?y) 1,0 <7 = ity o d 1,0 o irya G Q 1,0 A 1,0 . By the 
isotropy of A 1,0 and the fact that T> v is a metric connection, it follows that 
{{V v )^T,a) = -{t,{V v ) 1 $o-) = 0, while ((^) 1 -°t,t) = \d^(r,r) = 0. 
We conclude that ( / D v ) 1,0 t _L A 1 ' and, therefore, that it takes values in 
A 1 ' . A similar argument establishes (P^)°' 1 rA ' 1 C O^A ' 1 . □ 

Definition 3. A non- degenerate bundle V C C n+2 is said to be ci-constrained 
harmonic if there exists a 1-form q with values in A 2 V © A 2 V 1 ~ such that, 
for each A G C\{0}, the metric connection 

fy* := V v + \-\]4) Xf * + A(7V^) 0,1 + (A- 2 - l)^ 1 ' + (A 2 - l)g 0,1 , 

on C n+2 , is flat. In this case, we say that V is (q, (i)-constrained harmonic 
or, in the case q = 0, (i-harmonic. In the particular case of d = d, V a real 
bundle and q a real form, we say that V is a real ^-constrained harmonic 
bundle. 

Definition 4. A d-surface (A 1 ' , A ' 1 ) is said to be dl-constrained Willmore 
if it admits a (q,d)- constrained harmonic d-central sphere congruence with 

(13) g 1 ' € f2 1 '°(A 2 A ' 1 ), q ' 1 E 0°' 1 (A 2 A 1 '°). 

If q = 0, we say that (A 1,0 , A 0,1 ) is d- Willmore. In the particular case of 
d = d, (A 1 ' , A 0,1 ) a real surface and q a real form, we say that (A 1,0 , A 0,1 ) 
is a a real (/-constrained Willmore surface. 

From Theorem [5] and Proposition [U it follows that the real constrained 
Willmore surface condition is preserved under the correspondence 

(A i,0 )A o,i)^ A i,o nA o,i 

for real surfaces (A 1,0 , A 0,1 ), with preservation of multipliers: 

Theorem 7. Suppose (A 1,0 , A 0,1 ) is a real surface. Then A is constrained 
Willmore if and only if S is q-constrained harmonic, for some real 1-form q 
withq 1 ' £ 1 '°(A 2 A°> 1 ). 

3. Transformations of constrained harmonic bundles and 
constrained wlllmore surfaces 

Fix a conformal structure C on E and consider the corresponding complex 
structure on S. Let Ad denote the adjoint representation of the orthogonal 
group on the orthogonal algebra. Note that, given T G 0(IR n+1 ' 1 ) and 
u, v G IR" 4 " 1 ' 1 , Ad T (n Ad) = Tu A Tv. 

Let V be a non-degenerate subbundle of C n+2 and 7iy and tt v ± denote 
the orthogonal projections of C n+2 onto V and V- 1 , respectively, and p 
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denote reflection across V, p = Try — tt v ±. Let (A 1 ' , A ' 1 ) be a surface 
admitting V as a central sphere congruence. As usual, we write A for A 1 ' n 
A ' 1 . Suppose V is g-constrained harmonic for some q G Q 1 (A 2 V © A 2 V~ L ) 
satisfying conditions (fT3|) . 



3.1. Spectral deformation. For each A G C\{0}, the flatness of the metric 



connection dh q on C n+2 establishes the existence of an isometry 



of bundles, preserving connections, defined on a simply connected compo- 
nent of S and unique up to a Mobius transformation. 

Lemma 8. Let d be a flat metric connection on C n+2 and <f> '■ (C n+2 ,d) — > 
(C n+2 ,d) 6e an isometry of bundles, preserving connections. Then V is 
(g, d)- constrained harmonic, for some q, if and only if4>V is Ad^g- constrained 
harmonic. 

Proof. It is immediate from the fact that 

(14) V w = <f>oV^o<fT x , M^ V = 4'K4>' 1 

and, therefore, d^y = <p o d v ' * 19 o □ 



Set 



„ \-2„l,o , \2 n,i 

Q\ ■— A q + A q , 



for A G C\{0}. The fact that q takes values in A 2 V © A 2 ^ 1 - establishes, 
in particular, V^" = Vy + (A" 2 - l^ 1 ' + (A ' 1 - l)^ ' 1 , whereas Af^" = 
A-Wy'° + AA/y \ and, therefore, (dy' 9 )y' 9A = dy M ' 9 , for a11 G C \{°}- 
From the flatness of dy 9 , for all A G C\{0}, we conclude that of {dy q )y qx , 
for all A, [i G C\{0} and, therefore, that V is dy^-constrained harmonic, 
for all A G \C{0}. We define then a spectral deformation of V into new 
constrained harmonic bundles by setting, for each A in C{0}, 

Theorem 9. is Ad^qx- constrained harmonic, for each A G C{0}. 
A deformation on the level of constrained Willmore surfaces follows: 

Theorem 10. For each A G C\{0} ; (<py q A 1 ' ,^' 9 A 0,1 ) is a Ad^(g A )- 
constrained Willmore surface, admitting as a central sphere congruence. 
Furthermore, if (A 1 ' , A 0,1 ) is a real constrained Willmore surface, then so 
is 



A* := t&A, 



for all AGS 1 . 
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Proof. By (flUj) . together with the isotropy of A hJ , for i ^ j G {0, 1}, we have 
qA = 0. On the other hand, the centrality of V with respect to (A 1 ' , A ' 1 ) 
gives A/yA = tt v ± o <iA = 0. Hence 

(15) (4 9 ),rA = ^IFA 

and we conclude that {<f>y q A 1 ' , <py q A ' 1 ) is still a surface. Suppose, fur- 
thermore, that (A 1 ' , A ' 1 ) is a real (/-constrained Willmore surface. Given 
A G S 1 , dq is real, so that we can choose </y' 9 to be real, in which case 

4>y q A = 4>y ,q A, Ag is a real surface. It is obvious, on the other hand, that 
as V is a central sphere congruence of (A 1 ' , A 0,1 ), <j)y q V is a central sphere 
congruence of (4>y q A 1 ' , (j)y 9 A ' 1 ). Theorem [9] completes the proof. □ 

Note that spectral deformation corresponding to the zero multiplier pre- 
serves the class of Willmore surfaces. This spectral deformation of real 
(constrained) Willmore surfaces coincides, up to reparametrization, with 
the one presented in [8] , in terms of the Schwarzian derivative and the Hopf 
differential. 

An alternative perspective on this spectral deformation of (constrained) 
harmonic bundles and Willmore surfaces is that of a change of flat con- 
nection on C n+2 : if V C (C n+2 ,d) is constrained harmonic, then so is 
V C {C n+2 ,cfy q ), as well as, if (A 1 ' , A - 1 ) is constrained Willmore [with 

respect to d] then it is still constrained Willmore with respect to dy q , for all 
A G C\{0}. In the real case, this is the interpretation of loop group theory 
in 0. 

3.2. Dressing action. We use a version of the dressing action theory of 
Terng and Uhlenbeck [T5] to build transforms of V into new constrained 
harmonic bundles and thereafter transforms of (A 1 ' , A ' 1 ) into new con- 
strained Willmore surfaces. For that, we give conditions on a dressing 
r(A) G r(0(C n+2 )) such that the gauging r(A) o d\} q o r(A)" 1 of d\ A by 
r(A) establishes the constrained harmonicity of some bundle V from the 
constrained harmonicity of V . 

The Py-parallelness of V and V-^, together with the fact that My inter- 
twines V and V^, whereas q preserves them, makes clear that 

(16) dy^ = pody^ Op' 1 , 

for A € C\{0}. Suppose we have r(A) G r(0(C n+2 )) such that A r(A) 
is rational in A, r is holomorphic and invertible at A = and A = oo and 
twisted in the sense that 



(17) 



pr{X)p =r(-A), 
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for A € dom(r). In particular, it follows that both r(0) and r(oo) commute 
with p, and, therefore, that 

(18) r(0)| v ,r(oo)| v Er(O(V)). 
Define q € ^(A 2 ^ A 2 ^) by setting 

-1,0 A J -1,0 -0,1 A J -0,1 

Define a new family of metric connections on C n+2 by setting 

dfy* :=r(X)od^ q or(X)- 1 . 

Suppose that there exists a holomorphic extension of A (->• c^ 9 to A € C\{0} 
through metric connections on C n+2 . We shall see later how to construct 
such r = r(A), but assume, for the moment, that we have got one. In that 
case, as we, crucially, verify next, the notation dy q is not merely formal: 

Proposition 11. 

= vi + \-\j4) 1 ' + A(<) - 1 + (A" 2 - l)q lfi + (A 2 - l)a°'\ 

for the flat metric connection d := d\f = lim>_^.ir(A) o d v ,q o r(A) _1 and 
A € C\{0}. 

Proof. The fact that r is holomorphic and invertible at A = and (dy 9 ) 0,1 = 
T>y 1 +XAfy' 1 +(X 2 — l)q ' 1 is holomorphic on C establishes that the connection 
(dy^) ' 1 = r(A) o (dy 9 ) 0,1 o r(A) _1 , which admits a holomorphic extension 
to A € C\{0}, admits, furthermore, a holomorphic extension to A € C. 
Thus, locally, (d v ,q ) 0,1 = A®' 1 + Yli>i ^A®' 1 , with Aq connection and A\ G 
r2 1 (o(C n+2 )), for all i. Considering then limits of 

A -2^o,i + X^Af 1 = r(A) o (A^ 1 + X^ 1 + (1 - A" V' 1 ) o r (A)" 1 , 

i>l 

when A goes to infinity, we get A®' 1 + lim^oo X^i>3 A* -2 ^' 1 = Ad r ( QO ) q ' 1 , 
which shows that A®' 1 = 0, for all i > 3, and that Ag' 1 = q 0,1 . Considering 
now limits of 

A®' 1 + A^' 1 + A 2 <f 1 = r(A) o (V / + XMy' 1 + (A 2 - l)q°> 1 ) o r(A)-\ 

when A goes to 0, we conclude that Aq' 1 = r(0) o (Vy 1 — q 0,1 ) o r(0) _1 and, 
therefore, that (J^) ' 1 = r(0) o (P^ 1 - g ' 1 ) o r(O)- 1 + A^' 1 + A 2 ? - 1 . As 
for (J^) 1 ' = r(A) o (D^° + A^W 1 ' + (A~ 2 - l)^' ) o r(X)-\ which has a 
pole at A = 0, we have, for A away from 0, 
(19) 

^A-M^+^°+^AMj> = r(A)o(^ +A- 1 AA 1 -°+(A" 2 -l) (/ 1 ' )or(A)- 1 , 

i>l i>l 

with € ^(o(C n+2 )), for all i > 1. Considering limits of ((ED when 
A goes to infinity, shows that A { ' = 0, for all i > 1, and that A Q ' = 
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r(oo) o (T>y° — g 1,0 ) o r(oo) -1 . Multiplying then both members of equation 
(fT9l) by A 2 and considering limits when A goes to 0, we conclude that A 1 ^ = 
g 1 ' and that A 1 ^ = 0, for all % > 3, and, ultimately, that (dy 9 ) 1 ' = 
r(oo) o (V\}° - q 1 ' ) o r(oo)- 1 + A^A^ + A^g 1 - . Thus 

4>« = rfOjo^-^+^orfOr 1 

+ r(oo) o (pj; - g 1 ' + g - 1 ) o r(oo)- 1 
+ A" 1 + AA?' 1 + (A- 2 - l)^ 1 ' + (A 2 - l)g°<\ 
for A G C\{0}, and, in particular, 

d = r(0)o(^ 1 -g°'Vg 1 ' )or(0)- 1 +r(oo)o(^ -g 1 ' +g°' 1 )or(oo)- 1 +A 1 :°+A5 ) ' 1 . 

The fact that r(0) and r(oo) (and so r(0) _1 and r(oo) -1 ), as well as g, 
preserve V and V -1- , together with the Py-parallelness of V and of V , 
shows that d — (A^ + A'j 1 ' 1 ) preserves r(V) and r(l/- L ). On the other 
hand, equations (fT6|) and (fT7|) combine to give dy A '^ = p o d A '^ o p -1 , for all 
A G C\{0} away from the poles of r and then, by continuity, on all of C\{0}. 
The particular case of A = 1 gives yo(Aj 1 + A-y )\ v = — (Aj x + A 1 ' )i y and 
^A^+A?' 1 ),^ = -(A^+A?' 1 ),^, showing that A^+A?' 1 G U^VAV^. 
We conclude that 

(20) r(0)o(P^ 1 -g°' 1 +g 1 ' )or(0)- 1 +r(oo)o(P^ -g 1 ' +g°' 1 )or(oo)- 1 = V v 

and A^° = (A/y) 1 ' , A?' 1 = (A/y) ' 1 , completing the proof. □ 

The flatness of <iy 9 for all A G C\{0} establishes that of d v ^, for all non- 
zero A away from the poles of r and then, by continuity, for all A G C\{0}. By 
Proposition [HI we conclude that V is (g, d)-constrained harmonic. Suppose 
1 G dom(r). By Lemma El it follows that: 

Theorem 12. r(l)~ x V is a Ad^^-i q-constrained harmonic bundle. 

Note that this transformation preserves the harmonicity condition. 
A transformation on the level of constrained harmonic surfaces follows, 
with some extra condition, as follows. Set 

A 1 ' := r(oo)A 1 ' , A ' 1 := r(0)A ' 1 

and 

A = FnA - 1 . 

Suppose, furthermore, that 

(21) detr(0)| v = detr(oo) |v . 
Then: 

Theorem 13. (/-(I)- 1 ! 1 ' , r(l)- 1 A ' 1 ) is a Ad r (x)-i q-constrained Willmore 
surface admitting r{l)~ l V as a central sphere congruence. 
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Proof. First of all, note that, by ([TH]). q 1 ^ G Q i ' j (A 2 A j < i ) and, therefore, 
(Ad r(1) -ig)« G ^'(A 2 r(l)- 1 A^), for i^je {0,1}. In the light of The- 
orem [121 we are left to verify that (r(l)- 1 A 1 '°, r(l)- 1 A ' 1 ) is a surface ad- 
mitting r(l)~ l V as a central sphere congruence. 

The fact that A 1 ' and A ' 1 are rank 2 isotropic subbundles of V ensures 
that so are A 1,0 and A ' 1 , as r(0) and r(oo) are orthogonal transformations 
and preserve V. To see that A is rank 1, we use some well-known facts about 
the Grassmannian Gw of isotropic 2-planes in a complex 4-dimensional space 
W: it has two components, each an orbit of the special orthogonal group 
SO(W), intertwined by the action of elements of 0(W)\SO(W), and for 
which any element intersects any element of the other component in a line 
while distinct elements of the same component have trivial intersection. 
Since rank A = 1, Ap'° and Ap' 1 lie in different components of Qy v and the 
hypothesis (pTj) ensures that the same is true of Ap'° and Ap' 1 , for all p. 

We are left to verify that 

(22) d 1,0 r(A) c n^A 1 ' ), d°« 1 r(A) c ^(A 0,1 ) 

and that (recall equation (114ft ) 

(23) (A/y) 1 '°A ' 1 = = (jV^) 0,1 A 1 '°. 
Equation (|23[) forces MyA = 0, in which situation, (|22p reads 

(v v ) lfi r{A) c o^A 1 - ), (x4)°' 1 r(A) c ^(A 0,1 ), 

which, in its turn, follows from 

(24) (z$ ) 1 -°r(A 1 ' ) c o^A 1 - ), {v v )°' 1 r(A°' 1 ) c ^(A 0,1 ). 

It is fl23|) and fl24|) that we shall establish. 
First of all, note that, according to (|20p . 

(V v ) lfi = r(oo) o (V}f - g 1 ' ) o r(oo)- 1 + g 1 ' 

and 

(pi) ' 1 = r(0) o (V / - q ' 1 ) o r(O)- 1 + g ' 1 . 

Now g 1 ' takes values in A A A ' 1 , so g 1 '°A 1 ' C A C A 1 ' , by the isotropy of 
A 1 ' . On the other hand, since rank A = 1, we have A 2 A 0,1 = A A A ' 1 and, 
therefore, g-^A 1 ' C A C A 1,0 . Together with LemmaEl this establishes the 
(l,0)-part of (|24p . A similar argument establishes the (0, l)-part of it. 
Finally, we establish (|23p . According to Proposition II 11 

(TV^) 1 ' = lim^o \((d^) l <° - {V d v ) l » - (A' 2 - l)? 1 ' ) 

= hm A ^ A((4^) 1 ' -A- 2 g 1 ' ) 

= hm A _ (r(A) o (A (d^) 1 ' ) o r(A)" 1 - A^Ad^g 1 ' ) 

= Ad r(0) A^'° + lim A -> y(Ad r(A) - Ad r(0) )g 1 ' . 
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so that 

(25) (My) 1 ' = Ad r(0) A/J'° + A Ad^g 1 ' ; 

U=o 

and, similarly, 

(A/y) 0,1 = lim^ A- 1 ^*) - 1 - (4) ' 1 " (A 2 - l)*? ' 1 ) 

= Ad r(oo) f4' 1 + lim^ (r(A) o Ag ' 1 o r(A)- 1 - AHm? 0,1 ) 
and, therefore, 

(26) (A/y) 0,1 = Ad^A/y' 1 + Ad^/' 1 . 
Furthermore, by (|25|) . 



(A/y) 1,0 = Ad r .(o)(AA 1,0 + [r(O)- 1 ^ r(A),^ ]). 



dA 



A=0 



The centrality of V with respect to (A 1 ' , A 0,1 ) establishes, in particular, 
A/^A ' 1 = 0, whilst the isotropy of A - 1 ensures, in particular, that q 1,0 A 0,1 = 
0. Hence 

Ad r( o)(AA 1 ' + r(0)" 1 ^- | r(A)( ? 1 '°)A - 1 = 0. 
« A U=o 

On the other hand, differentiation of r(A) _1 = pr(—\)~ 1 p, derived from 
equation ([T7]) . gives 

-r(A)- 1 -^- r{k)r{\)~ 1 = pr{-\)- 1 ^- r{k) r(-A)" 1 p, 

or, equivalently, 

P r ^ 1 ^, r ^P = - r (- A ) _1 ^, r(k)r(-\)- l pr{\)p : 
and, therefore, yet again by equation ([T7|) . 

OK |fc=A a«|fc=-A 

Evaluation at A = shows then that 

pr(O)- 1 -^- r (A)p = -r(0)- 1 ^ r(A). 

Equivalently, 

(27) ^o)" 1 ^, KAler^AF 1 ). 

dA | A=0 

Since qV^ = 0, we conclude that Ad r{0) (q 1 '°r(0)- 1 sjh KA))! ' 1 = and, 

ultimately, that (Ay) 1 ' A ' 1 = 0. A similar argument near A = oo estab- 
lishes (A/y)°' 1 A 1 '° = 0, completing the proof. □ 
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3.3. Backlund transformation. We now construct r = r(A) satisfying the 
hypothesis of the previous section. As the philosophy underlying the work 
of C.-L. Terng and K. Uhlenbeck [21J suggests, we consider linear fractional 
transformations. As we shall see, a two-step process will produce a desired r. 

Given a G C\{ — 1,0, 1} and L a null line subbundle of C n+2 such that, 
locally, pL n L L = {0}, set 



Pa,L(A) := 

and 

Qa,LW ■ = 



for A € C\{±a}, defining in this way maps p a ,L, Qa,L '■ C\{±a} — > r(0(C n+2 )) 
that, clearly, extend holomorphically to P 1 \{±a}, by setting 

{-1 onL 
1 on(LepL)- 1 
—1 on pL 

and <Za,z,(oo) := /. Obviously, p a: L(oo) and q a ,L(oo) do not depend on a. 
For further reference, note that, for all A £ C\{±a, 0}, we have 

(28) Pa>L (X) = fe-i.iCA- 1 ), 

whilst p a ,i(0) = q a ,L(oo) and p a ,b{oo) = g a ,i(0). 

The isometry p = p^ 1 intertwines L and pL and, therefore, preserves 
(L © pL) ± , which makes clear that pop aL {\) and Pa,z,(A) _1 p coincide in 
L, pL and (L © p^) -1 and, therefore, 

(29) pp aiL (X)p = p a ,L(A) _1 = Pq!,l(-A), 
and, similarly, 

(30) PQaxWP = fc,L(A) _1 = <? Q ,z,(-A), 

for all A - both and (fo,^ are twisted in the sense of Section 13.21 

Since pL is not orthogonal to L, pL ^ L, so L is not a subbundle of V 
and, therefore, ranky Pi (L © pL) = 1. We conclude that 

/ \ / n x r J -1 onFn(LffipL) 

has determinant —1^1 = detp a) i(0)| v = det g Qj i / (oo)| v , , so we cannot take 
p a< L = f or (fc,^ = r in the analysis of Section [331 However, we will be able 
to take r = qa iPa,L, for suitable (3 and L, as we shall see. 
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Now choos^l a G C\{— 1, 0, 1} and L a a dy 9 -parallel null line subbundle 
of C n+2 such that, locally, 

(31) pL a n (L") 1 - = {0}. 

Lemma 14. There exists a holomorphic extension of 

A i y d X / := p Q>L «(A) ° oPaM*)' 1 

to A G C\{0} through metric connections on C n+2 . 

Proof. We prove holomorphicity at A = a. Write dy q = dy' q + (A — a)A(X), 
for A G C\{0,a}, with A i-> A(X) G Q, 1 (o(C n+2 )) holomorphic. Decompose 
dy 9 = D + (3 according to the decomposition 



m+2 



(L a e P L a ) e (l° e p l c 



The fact that dy 9 is a metric connection establishes d v ' q T(pL a ) C r2 1 (/9L Qf )- L , 
as well as, in view of the dy^-parallemess of L a , dy q T((L a © pL a ) L ) C 
fi^L*)- 1 . By ||3IJ|, we conclude that the 1-form /3 G ffi pL") A (L a © 

pL")- 1 ) takes values in L a A (L a © pL 01 )- 1 . Hence p a ,L a (A) o /3 op a ,L a (-^) — 1 = 
/3. On the other hand, (A) o D ° p a ,L a (X)^ 1 = D, as L a , pL a and 
(L° © pL")" 1 are all D-parallel. Thus 

a — X 

°<*,l ~ a + A 



d x / =D + /? + (A — a) Pot L a (A) A(A) p„,£o (A)" 1 . 



Lastly, note that, by the skew-symmetry of -A(A), we have ^4(A)L a C {L a )- L 
and A(A)pL a C (pL")" 1 and, therefore, by HE), A(A)L a C L a ffi (L^ffipL ) 1 - 
and ,4(A)pL° C pL a @(L a @pL a ) L . We conclude that (A-a) Ad Pa lq(a) A(A) 

has at most a simple pole at A = —a and, therefore, that dp' q is holomorphic 
at A = a. Furthermore, the fact that D is a metric connection establishes 
that so is dp' q L , in view of the skew-symmetry of A(X) and of j3. 

Holomorphicity at A = —a can either be proved in the same way, hav- 
ing in consideration that the dy^-parallelness of L a establishes the d v a ' q - 
parallelness of pL a , or by exploiting the symmetry A i— >• — A. □ 

Remark 2. 1) The same argument establishes the existence of a holomor- 
phic extension of 

X i ^ d x > q := Qa.L a (A) o d\} q o q^X)- 1 
to A G C\{0} through metric connections on C n+2 . 

2) This argument uses nothing about the precise form of dy q , only that it 
is holomorphic near X = ±q. 



^Such a bundle L a can be obtained by d v ' ''-parallel transport of I™ £ C n+2 , with Z£ 
null and non-orthogonal to p p lp, for some p € E. 
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Now we can iterate the procedure starting with the connections dp' q La '■ 
Choose /3 ^ ±a in C\{— 1,0, 1} and L 13 a ti^-parallel null line subbun- 
dle of C n+2 . The fact that p a ^ : (C n+2 ,d^ q ) -> (C n+2 , dp' q L J preserves 
connections establishes the dp ,q La -parallelness of 

Choose L@ satisfying, furthermore, pL& D (La) ± = {0}Q It follows that 

A ^ ^ | / g(A)p Q , ! i«(A) o a^,' 9 op Q , LQ (A)~ 1 g^gCA) -1 

admits a holomorphic extension to A G C\{0} through metric connections 
on C n+2 and, furthermore, that 

satisfies all the hypothesis of Section [3T21 on r. Set 

q* := Ad r , (1) -i(Ad r * (0) g 1 ' + Ad,.^)? ' 1 ). 

Definition 5. The q* -constrained harmonic bundle V* := r*(l)~ 1 V is said 
to be the Backhand transform of V of parameters a, j3, L a , L 13 . The q*- 
constrained Willmore surface 

(A 1 ' , A - 1 )* := (r*(l)- 1 r*(oo)A 1 '°,r*(l)- 1 r*(0)A - 1 ) 

is said to be the Backlund transform of (A 1 ' , A ' 1 ) of parameters a, j3, L a . 

For further reference, set 

((A*) 1 ' , (A*) ' 1 ) := (r*(l)- 1 r*(oo)A 1 '°,r*(l)- 1 r*(0)A ' 1 ). 

3.3.1. Bianchi permutability. Next we establish a Bianchi permutability of 
type p and type q transformations, showing that starting the procedure 
above with the connections dq' q (j (when defined), instead of dp' q La , pro- 
duces the same transforms. The underlying argument will play a crucial 
role when investigating the preservation of reality conditions by Backlund 
transformation, in the next section. 

Suppose pL 13 n {L 13 ) 1 - = {0} and set Lp := qp L p{a)L a . Suppose, fur- 
thermore, that pLp n {L ( p)~ L = {0}H Analogously to r*, we verify that 
f* := P a L a 1/3, LP satisfies all the hypothesis of Section [331 on r. The next 
result, relating f* to r*, will be crucial in all that follows. 



2 Such a lP can be obtained by d^ ,<3 -parallel transport of lp" 6 Lp, with lp* non-zero, 
non-orthogonal to pplp, for some peS. Indeed, by (I29|) . 

{PpPc,L^(l3)lp,p a ,L^(l3)lp) = (Pa,££(/3)~W£,P«,£«(/3)Z£) = |^ + ^| 2 (Pplpjp)- 

^This is certainly the case for L 13 obtained by d^ 9 -parallel transport of lp £ Lp, with 
lp non-zero, non-orthogonal to pplp, for some p G E. 
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Proposition 15. 

(32) f* = Kr*, 
forK:= qp iL f>(0)q p jjp(p). 

The proof of the proposition we present next will be based on the following 
result: 

Lemma 16 ([4J). Let 7(A) = A + ttl + A" 1 ttl_ 1 and 7(A) = A 7T£ + 
7T£ o + A _1 7r^ ^ be homomorphisms ofC n+2 corresponding to decompositions 

c n+2 = Li e l © l_i = Li © L © £_i 

with L±i and L±\ null lines and Lq = {L\ © L^i) 1 - , Lq = (L\ © L-i)^ . 
Suppose Ad 7 and Ad 7 /tawe simple poles. Suppose as well that ^ is a map 
into 0(C n+2 ) holomorphic near such that L\ = £(0)Li. Then 7^7" 1 is 
holomorphic and invertible at 0. 

Now we proceed to the proof of Proposition [TBI 

Proof. For simplicity, write and q~ l L for A i-> P^,l(A) _1 and, respec- 
tively, A h4 ^^(A) -1 , in the case and, respectively, are defined. As 
L a = q^ L p{a)~ x U^^ after an appropriate change of variable, we conclude, by 
Lemma fTBl that p a ,L a Qp \p P^L" ac ^ m ^ s a holomorphic and invertible exten- 
sion to F 1 \{±^, -a}. On the other hand, in view of (|29p , the holomorphicity 
and invertibility of p a ,L a q~p\e P~\a at the points a and —a are equiva- 
lent. Thus p a l°> Qq tpP fa admits a holomorphic and invertible extension 
to P 1 \{±/3}, and so does, therefore, (p a ,L a Qp^p P„£a) -1 QpLP' ^ srmuar 

argument shows that p f a (q g L p p~\ a q~ l -p) admits a holomorphic exten- 
ts, 1^8 Hi us,u p,La 

sion to P^ia}. But p ai « qp^p~\ a q~\p = (p a ,L<* Qp^p- 

We conclude that p a ~ La qp l^P^L" -p extends holomorphically to P 1 and 

is, therefore, constant. Evaluating at A = gives p ;„ qa lPP™ r<* -p = 

1p,LP(ty 1p IP (0)' completing the proof. □ 

According to ([30]) . pKp = if, showing that if preserves V or, equiva- 
lently, 

(33) if V = V. 
By ([52]>. it follows that 

r*{iy l V = f*(l)- 1 V, 

establishing a Bianchi permutability of type p and type g transformations 
of constrained harmonic bundles, by means of the commutativity of the 
diagram in Figure HJ below. 
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v* 




V 

Figure 1. A Bianchi permutability of type p and type q 
transformations of constrained harmonic bundles. 



Equation (|32p makes clear, on the other hand, that 

r*(l) _1 f*(oo) A 1 ' = r*(l)- x r*(oo) A 1 ' 

and 

r^l)- 1 f*(0) A ' 1 = r^l)- 1 r*(0) A - 1 . 

We conclude that, despite not coinciding, r* and r* produce the same trans- 
forms of (constrained) harmonic bundles and Willmore surfaces. As a final 
remark, note that, yet again by equation ([321) . 

q* : = Ad f , (1) -i (Ad^(o)g 1 ' + Ad^^g ' 1 ) = q* . 

3.3.2. Real Backlund transformation. As we verify next, Backlund transfor- 
mation preserves reality conditions, for special choices of parameters. 

Suppose V is a real ^-constrained harmonic bundle. Obviously, the reality 
of V establishes that of p and, therefore, 

(34) p~UX) = p- T (A) , ^~Z(A) = q^ (A) , 

for all n, L and A £ C\{±^}. 

Lemma 17. Suppose a G C\(S' 1 U {0}). T/zen we can choose (3 = a~ 1 and 
L 13 = L a and both r* and f* are defined. 

Before proceeding to the proof of the lemma, note that 

Proof. The reality of p makes it clear that the non-orthogonality of L a and 
pL a establishes that of L a and pL a , as well as, together with (|34p and 
425), that, if pp a , La (a~ l )L^ np a , La (a- l )L^ = {0}, then pg s _ ljX ^(a)L a n 
q—_ 1 ja(a)L a = {0}. On the other hand, the reality of V establishes that 

of Vy and jVy, so that, by the reality of q, dy ' q = d v ,q . Hence the d v ' q - 

parallelness of L a establishes the dy ,l3 -parallelness of L a . Obviously, if a is 
non-unit, then a ~ 1 ^ ±a. We are left to verify that we can choose L a a dy q - 
parallel null line subbundle of C n+2 such that, locally, pL a n L a = {0} and 
PPa,L a (^~ 1 )L a npa t L a (a~ 1 )L a = {0}. For this, let v and w be sections of V 
and V , respectively, with (v,v) never-zero, (v,v) = and (w,w) = —(v,v). 
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Define a null section of C n+2 by l a := v + w and then L a C C n+2 by dy' q - 
parallel transport of l£, for some point p G S. □ 

Let us focus then on the particular case of Backlund transformation of 
parameters a, (3, L a , L 13 with 

a £ C\(S' 1 U {0}), (3 = a-\ L@ = LP, 

which we refer to as Backlund transformation of parameters a,L a . For 
this particular choice of parameters, we write L a and L a for and La, 

respectively. Note that, by ([25]) and (fM|) . L a = L a . On the other hand, 

^W 1 = p^a)- 1 ^!)- 1 = ^ar'p^ar 1 , 

whilst, by (J32D, 

r^l)" 1 = (K-V^l))- 1 = q ^(l)- l p aLa (l)- l K. 

Hence 

(35) ^(l)" 1 =r*(l)- 1 K- 1 . 

By ([gg]) . it follows that F* = V*. Next we establish the reality of g*. Yet 
again by (f3l|) . r*(0) = q -~— (0) = p ^— (oo) and, on the other hand, by 

(|32l) . r*(oc) = £a (oo), so that 

(36) r*(0) =Kr*{po). 

Together with ([35]) . this makes clear that (q*) 1 ' = (q*) 0,1 , the reality of q 
establishes that of q*. 
We conclude that: 

Theorem 18. LfV is a real q-constrained harmonic bundle, then the Backlund 
transform V* of V , of parameters a,L a , is a real q* -constrained harmonic 
bundle. 

A real transformation on the level of constrained Willmore surface follows. 
Equation (|32p plays, yet again, a crucial role, by showing that 

r*(l) = K- l q a _ lia {l)p^{l) = K- l q pia {l)p a ^{l) = K- 1 ^), 

and, therefore, 

(37) r*(rp = r*(iy l ~K. 

Suppose (A 1,0 , A 0,1 ) is a real surface, so that, in particular, A 1 ' = A ' 1 . 
By (|3SD and ((57|> . it follows that (A*) 1 ' = (A*) ' 1 , establishing the reality 
of the bundle 

A* : = (A*) 1 ' n (A*) ' 1 . 

We conclude that: 

Theorem 19. LfA is a real q-constrained Willmore surface, then the Backlund 
transform A* of A, of parameters a,L a , is a real q* -constrained Willmore 
surface. 
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3.4. Spectral deformation vs Backlund transformation. Backlund 
transformation and spectral deformation permute, as follows: 

Theorem 20. Let a,(3,L a ,L^ be Backlund transformation parameters to 
V, A € C\{0, ±a, ±/?} and <p x : (C n+2 ,dy q ) (C n+2 ,d) be an isometry 
of bundles preserving connections. The Backlund transform of parameters 
j, j, (j) X L a , <f)^LP of the spectral deformation 4> X V of V , of parameter A, 
corresponding to the multiplier q, coincides with the spectral deformation of 
parameter X, corresponding to the multiplier q* , of the Backlund transform of 
parameters a, (3, L a , LP ofV. Furthermore, if <fi : (C n+2 ,d^f) -> (C n+2 ,d) 
is an isometry preserving connections, then the diagram in Figure com- 
mutes. 




A \1,0^A A 0,1)* 



'• A A 1 '°,0 A A 0,1 ) 



(A 1,0 , A ' 1 ) 

Figure 2. A Bianchi permutability of spectral deformation 
and Backlund transformation of constrained Willmore sur- 
faces. 



Proof. It is trivial, noting that A r*(A)-V(l) : (C n+2 ,dyf ) {C n+2 ,d) 
is an isometry of bundles preserving connections. □ 

For A 6 {±a, i/3}, it is not clear how the spectral deformation of param- 
eter A relates to the Backlund transformation of parameters a, (3, L a , L 13 . 

3.5. Isothermic condition under constrained Willmore transforma- 
tion. Equation (pQ) makes it clear that, although the second fundamen- 
tal form is not conformally invariant, conformal curvature line coordinates 
are preserved under conformal changes of the metric and, therefore, so is 
the isothermic surface condition. The next result presents a manifestly 
conformally-invariant formulation of the isothermic surface condition, es- 
tablished in [6] and discussed also in 

Lemma 21 ([6].|llj). A is isothermic if and only if there exists a non-zero 
closed real 1-form r\ E Q 1 (AaA^ 1 ^). Under these conditions, we may say that 
(A, rj) is an isothermic surface. The form rj is defined up to a real constant 
scale. 
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Remark 3. According to the decomposition (|12p . given rj E fl'(A A A^ 1 )), 
dr] = dPrj + [Af A rj\ vanishes if and only if dPrj = = [TV A rj\ . 

Proposition 22. A constrained Willmore surface has a unique multiplier 
if and only if it is not an isothermic surface. Furthermore: 

i) tf Qi 7^ Q2 are multipliers for A, then (A, *(q\ — ^2)) is isothermic; 

if) if (A, 77) is an isothermic q-constrained Willmore surface, then the set 
of multipliers to A is the affine space q + {*rj)^. 

Proof. It is immediate, noting that [Af A 77] = [*r/ /\*N] and recalling Propo- 
sition 0]- Hi). □ 

The isothermic surface condition is known to be preserved under con- 
strained Willmore spectral deformation: 

Proposition 23 (|8J). Constrained Willmore spectral deformation preserves 
the isothermic surface condition. 

Next we derive it in our setting. 

Proof. Suppose (A, rf) is an isothermic q-constrained Willmore surface, for 
some rj,qe ^(AaA* 1 )). Fix A G S 1 and </>* : (R n+1 ' 1 ,dq) (R n+1 ' l ,d) an 
isometry preserving connections. Set 

To prove the theorem, we show that (4>g A, Ad^xr/x) is isothermic. Obviously, 
the reality of rj establishes that of Ad^xrjx. Recall (fT5|) to conclude that 
OqA)W = c^AW and, therefore, that Ad^r/A takes values in (^AA(<^A)W. 
Now observe that, given a, b G E n+1 ' 1 and T G o(M™ +1 ' 1 ), [T,a A b] = 
(Ta)Ab + aA(Tb), to conclude that [A A AW, A A A* 1 )] C AAA = {0}. Thus 
jy ,0 A ^0,1] _ = [q ' 1 a r/ 1 ' ] and, therefore, 

d$ Vx = ^r ?A + [(A- 1 AA 1 ' + AAA ' 1 + (A- 2 -l) (Z 1 ' + (A 2 -l)g ' 1 )Ar /A ] 

= d v r} X + [AfArj]. 

According to the decomposition (fT2|) . we conclude that d(Ad^Ar/ A ) = 0^ o 

d d ^rj\ o (4>g)~ l vanishes if and only if dPrjx = = [Af A rj\. Remark [3] and 
Lemma U] complete the proof. □ 

As for Backlund transformation of constrained Willmore surfaces, we be- 
lieve it does not necessarily preserve the isothermic condition. This shall 
be the subject of further work. In contrast, the constancy of the mean 
curvature of a surface in 3-dimensional space-form is preserved by both con- 
strained Willmore spectral deformation and Backlund transformation, for 
special choices of parameters, with preservation of both the space-form and 
the mean curvature in the latter case, cf. [16] . 
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